The description of a quantum system in terms of angle variables may violate Heisenberg uncertainty principle. The familiar case is the azimutal angle φ and its canonical moment L z . Although this problem was foreseen almost a century ago, up to the present days there are no criteria to precisely characterize the violation. In this paper, we present a theorem which provides necessary and sufficient conditions for the violation of the Heisenberg uncertainty principle. We illustrate our results with analytical examples.
Introduction
The Newtonian determinism states that the present state of the universe determines its future precisely. At the beginning of the past century the advent of quantum mechanics exposed the determinism to great delusion. It turned out that in the quantum world the uncertainty prevails. The Heisenberg uncertainty principle [1] summarizes the antagonism between classical and quantum mechanics. It states that given tree hermitian operators [2] A,B and C with the following commutation relation [A, B] = C, then, it is impossible to know simultaneously A and B with arbitrary precision [3] , where · stands for the ensemble average. Mathematically, the Heisenberg uncertainty principle is given by
where σ X stands for the standard deviation of the observable X.
The uncertainty principle has been one of the most intricate points in quantum mechanics. Besides its philosophical meaning it plays a major role in experimental physics of atomic scale as, for example, in the Bose-Einstein condensation [4] .
An old problem concerning the violation of the uncertainty principle appears by describing the quantum systems in terms of angle variables [5] . When the coordinates (x, y, z) are changed to spherical coordinates (r, θ, φ), the azimutal angle operator φ and its canonical conjugate momentum L z violate the Heisenberg uncertainty principle. Though the discussion of this problem dates back to the beginning of the quantum mechanics [6] , surprisingly it still remains unclear on what conditions the violation would actually take place. In fact, there are even no explicit examples concerning this problem.
Given a square integral function f α (φ), we consider the Fourier expansion of
as an one parameter family of sequences, with A α defined by the normalization In this paper, we provide necessary and sufficient conditions on these families for the violation of the Heisenberg uncertainty principle. We demonstrate that the uncertainty principle is violated if, and only if, there is only one Fourier coefficient C k (α) which, as a function of α, does not vanish and decays slower than the others C n (α). Furthermore, we give explicit examples of the violation of the Heisenberg principle by the operators L z and φ. Moreoever, we show that the replacement φ → cos φ, or φ → sin φ provides a good description for quantum systems.
Pitfalls and Apparent Paradox
Let us start by introducing the operators φ and its canonical conjugate L z . φ is introduced as the angular displacement of the vector position:
φ could be defined on the lift, that is, without the mod 2π. Hence, it would have a continuous character, but no longer periodic of. However, since φ and φ + 2π correspond to the same physical situation we shall use the mod operation.
The canonical momentum associated with φ:
The commutation relation between φ and L z follows
If L z and φ were hermitian, then the Heisenberg principle would yield:
Already in the early days of quantum mechanics Eq. (5) was suspected to be false [6] . The argument given was based on the fact that fluctuations in σ φ bigger than 2π do not have much physical meaning. Hence, for a wave sufficiently localized in the Fourier space the amount σ Lz becomes very small, while σ φ remains bounded violating Eq. (5).
Another apparent paradox might appear by the naive assumption that both operators are hermitian. It follows by Eq. (4) that
and this, together with the assumption that L z is hermitian, leads to the wrong
The main problem here concerns the hermitian character of the operator L z .
The operator φ is always hermitian, since it multiplies the wave function by a real number. This means ψ 1 , φψ 2 = φψ 1 , ψ 2 . The operator L z , on the other hand, is defined in a closed domain D of the Hilbert space H , and is extended as an hermitian operator if D is the domain of 2π -periodic absolutely continuous functions [7] .
If a function ψ is 2π-periodic and absolute continuous, the function φψ is either periodic or continuous. That is, if one defines φ as in Eq. (2), then it will be periodic, but not continuous. On the other hand, if one defines φ on the lift, then the product φψ will be continuous but not periodic.
Thus, if ψ ∈ D, the product φψ / ∈ D. Hence, the operator L z will not be hermitian in the set of functions φψ, which breaks down the hypotheses of the Heisenberg uncertainty principle.
Set Up
The ground of our result is the Fourier expansions of f α (φ):
where C n (α) are the Fourier coefficients (frequency amplitudes) of f α (φ)/A α , given by Eq. (1), with A α fixed by the normalization:
For notational simplicity, whenever we do not specify the sum we understand the index running from −∞ to ∞, otherwise, the index runs from a given value to ∞. Also, whenever there is no risk of confusion, we shall omit the index α of the Fourier coefficients C n and normalization constant |A| 2 .
Let F be an one parameter family of sequences such that:
Condition (i) guaranties that the function f α is smooth enough so we can operate L z twice [9] . (i) is required in order to exchange the integral with the double sum in Eq. (13). Condition (ii) on uniformity is of technical nature and guarantees that the limit of a sum equals to sum of the limits of a given sequence. It will be used in Eq. (43). The last condition (iii) is less important, and is made here to give a relation of order in the family, at least in terms of subsequences, as α grows [10] .
Theorem for The Violation of the Heisenberg Principle
Here we state our main results. We start by introducing a definition of violation in terms of an one parameter family of sequences.
Definition 1 Let C n (α) be an one parameter family of Fourier coefficients of f α (α)/A α . Furthermore, let σ φ (α) and σ Lz (α) be the standard deviation of φ and L z given by Eq. (9) and (12) respectively. The Heisenberg uncertainty principle is said to be violated if for all ε > 0 there is a α * such that
Our main result is then stated as the following:
Then the function f α (φ) violates the Heisenberg uncertainty principle if, and only if: there is only one
From this theorem it follows:
Corollary 1 Any function f α (φ) sufficiently localized in the Fourier space, whose Fourier coefficients belong to F , violates the Heisenberg principle.
It is worthy to note that our result does not depend on the decay of the coefficients, but only on the relative decay with respect to C k as stated in Eq. (8) . We illustrate our findings with different decay cases. We shall prove this theorem in Sec. 9.
Uncertainty Relation
In this section we derive the general formulas for the deviations σ φ and σ Lz , assuming that Eq. (6) holds. The deviation on the variable φ is given by:
and we start with the first term in the right-hand-side (r.h.s):
Splitting the sum into m = n and m = n, evaluating the integrals, and using Eq. (7) we have:
where
For the second term in r.h.s. of (9), we have
Therefore the deviation is given by:
Next, we compute:
and by using condition (i) we begin with
The terms with m = n vanish, while the terms with n = m yield:
Thus, the deviation in L z is given by:
6 Exponential Decay of the coefficients So far, the coefficients C n in the Fourier expansion (6) are arbitrary and do not allow explicit computations of σ φ and σ Lz . To further analyze Eq. (5) explicitly, we restrict our attention to the case in which the frequency amplitudes C n decay exponentially fast:
Hence, C n is a real even function of n meaning that C n = C −n and C * n = C n . C n satisfies the hypotheses (i − iii), and Eq. (8) with k = 0, so the Heisenberg uncertainty principle must be violated. From the properties of C m it follows:
Note that the 1/(m−n) is odd, while the C * m C n (−1) n−m is even. As a result the product is odd, and a symmetric sum over an odd function is zero. Therefore, we have:
where:
therein we have explicitly written the dependence of ξ on α. It turns out that (e 2α − 1)ξ(α)/(e 2α + 1) is always convergent for any value of α > 0 (see appendix A). There are two extreme situations α very small and large enough. For the latter (α ≫ 1) we have
An explicit computation shows that for α ≫ 1 we have σ
which gives the upper bound for σ 2 φ . Furthermore, it assures the physical significance of σ 2 φ , since it remains smaller than 2π for all values of α.
The opposite situation yields:
It is possible to prove that for α small enough
with M > 4 (for details see ap. A). Hence, it yields
which gives the lower bound for σ 2 φ .
For the deviation in σ Lz we also have L z = 0, since C n is even
Thus,
In the limit α → 0 we obtain
and as α → ∞, we have
Hence, for α small enough by Eq. (20,23) the uncertainty product
asserts that the smaller α, the larger the uncertainty product and the Heisenberg relation holds. For α large enough and by using Eq. (24,18) we have
implying that the uncertainty product goes to zero exponentially, violating the Heisenberg uncertainty principle.
In the limit α → 0 the function f approaches a delta function, which means that all Fourier coefficients C m contribute to the deviation σ Lz with the same weight, causing it to diverge.
The opposite situation occurs when α → ∞, then, f approaches a constant function, and only the Fourier coefficient C 0 contributes to the deviation, causing it to converge to zero exponentially fast, hence, violating the Heisenberg principle.
Now, we want to estimate the value of α for which the violation occurs. Using Eq. (5) and the previous results we have:
The numerical value of α is close to 2.
Polynomial Decay
The fact that the Fourier coefficients with exponential decay violated the Heisenberg principle is not a privilege of this particular decay. Any other decay which fulfills the hypotheses will also violate the Heisenberg principle.
In our next example we want to illustrate that the violation of the hypothesis of a unique C k for Eq. (8), leads to a nonviolation of the Heisenberg principle. We consider a symmetric family of Fourier coefficients but we set C 0 to zero. As a consequence there are two coefficients with the same decay as a function of α. And the Heisenberg principle cannot be violated.
We analyze the behavior of Eq. (5) when the Fourier coefficients decay polynomially
In the following, we shall consider only the case
If α ≫ 1 and n = 0 the polynomial decay gives an upper bound for the exponential decay. Note that in such limit |n| −α > α −|n| .
In this case, the normalization constant is given by
The deviations now take the form
In order to have σ Lz finite α must be bigger than 3/2, which guarantees that |A| 2 is larger than 0. In the limit α → 3/2 the deviation σ Lz diverges, while σ φ remains finite. As a result Eq. (5) holds. O opposite situation yields:
The same results are valid for the exponential decay if we set C 0 = 0.
Replacing φ by a periodic absolute continuous function
In the exponential decay of the Fourier coefficients the Heisenberg principle is violated. As we have discussed, the problem appear because the pair (φ, L z ) is not hermitian on the same set of functions. One possibility to overcome this problem is to replace the operator φ by one periodic operator that is absolute continuous [5] . The basic idea is to introduce the operators sin φ and cos φ, considering the change φ → cos φ and φ → sin φ, the commutator, then, is given by:
and
In this way, we can compute the new uncertainty relations
now, both operators are hermitian on the same set.
Let us consider our previous example with the exponential frequency amplitude decay, now applying the new operators. The deviation 
Note that for cos φ we have the relation
since f, sin φf = 0. This condition is always fulfilled. The next relation we have to analyze is:
working the equations out, we have that Eq. (37) is equivalent to
which is always true.
Proof of the Main Results
For convinience, and pedagogic purposes, we consider the case of symmetric Fourier coefficients |C n (α)| = |C −n (α)|. The theorem guarantees the violation for large α if there is only one coefficient C k (α) such that the rate C n (α)/C k (α) converges to zero as α grows. For the symmetric case this coefficient must be
which is proportional to the spacial average of f α . C 0 (α) is the only possibility, because otherwise it would always exist at least two terms which, as a function of α, decay slower than the other coefficients. Thus, if a family of Fourier coefficient is symmetric and the spacial average of the wave function is zero, our result implies that it is impossible to violate the Heisenberg principle.
We start by showing that if the conditions are fulfilled then the Heisenberg principle is violated.
The uncertainty product is given by:
which is always negative, and under our hypotheses converges to zero as α → ∞. Thus, it suffices to demonstrate:
But since lim α→∞ |d n (α)| = 0, and the series n |d n (α)| 2 n 2 is absolutely and uniformly convergent, by condition (ii), we have
Note that lim α→∞ n |d n (α)| 2 = 1. Thus, by condition (iii) for any ε > 0 there is a α * such that
and we finish the first part of the proof.
Next, we show that if the Heisenberg principle is violated then our set of hypotheses are satisfied. Let k be the smallest integer such that Eq. (8) holds. Without loss of generality we take
By Eq. (5) we have:
Thus, if the Heisenberg principle is violated we must have:
however, we have:
The only possibility for the above inequality to hold is the case k = 0. Note that the left hand side is strictly positive for k = 0
Now, since the Heisenberg principle is violated for a given α * , then there is ε > 0 such that
which must be true for any sequence {α n } n∈N such that α n > α * satisfying condition (iii). If we take {α n } n∈N ∋α > α * then, there is a δ < ε such that
Thus, lim
and we conclude the proof.
Hence, from our proof it naturally emerges the fact that the only Fourier coefficient that satisfies the hypotheses is the C 0 (α). This is obviously due to the symmetry constrain on the coefficients. We have demonstrated that if the term C 0 is absent the Heisenberg principle cannot be violated.
Our result also holds for asymmetric Fourier coefficients. We do not consider it here in its full details. We sketch the proof for asymmetric Fourier coefficients in the Ap. B.
Conclusions
In conclusion, we have analyzed the violation of the Heisenberg uncertainty principle by the azimutal angle φ and its canonical conjugate moment L z . These two operators do not fulfill the assumptions of the Heisenberg principle, they are not hermitian in the same set of functions. We have provided necessary and sufficient conditions for the violation of the Heisenberg uncertainty principle by these two operators. These conditions are related to the existence of a Fourier coefficient of f α which decays slower than the Fourier modes. More precisely, The violation of the Heisenberg principle takes place if, and only if, there is only one coefficient
Furthermore, we have given explicit examples for the violation of the Heisenberg principle. We have analyzed the exponential decay of Fourier modes, and shown that the Heisenberg uncertainty principle is violated. The main reason lays on the fact that, for coherent enough states, the deviation of the operator L z can be arbitrarily small, while the deviation of the operator φ is always bounded. As a consequence the Heisenberg uncertainty principle is violated.
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We start by evaluating the term
proceeding the following variable change k = n − m we have
Due to the modulo we must split the above equation in the following terms: This can also be written as:
Noting that n≥k e −2αn = e 2α e −2αk /(e 2α − 1), then
Thus, we deviation takes the form:
Let us introduce
then in the limit of small α we have
which equals lim
In order to estimate f (α) we note that
Now defining p(α) = k>0 e −αk , we have 
B Asymmetric Fourier Coefficients
We shall now sketch the proof for asymmetric Fourier coefficients. Now, the term C 0 plays no special role. From a heuristic point of view the main difference between the symmetric and asymmetric case is the second term
in the r.h.s. of Eq. (14). This term is zero if |C −n | = |C n | and the above sum gives no contribution, and the deviation is given by
Since there is no symmetry constrain there can be only one C k (α) with k = 0, such that lim α→∞ C n (α)/C k (α) = 0, and only one term of the series d n (α) = C n (α)/C k (α) survives, and then by the normalization is set to a unity.
Then the contribution of the 4π 2 |A| 4 ( n |C n | 2 n) 2 equals k 2 . And Interestingly, this cancels out the contribution of the first term, as a consequence σ Lz is set to zero.
Let us first note the following:
Proposition 1 Let C k (α) be as in Theorem 1. There isα such that for all ε > 0 1
As a corollary we have
Proposition 2
There is α such that
Furthermore, it also holds
3)
The proof of Proposition 1 is immediate assuming conditions (i − iii). Then, it is easy to prove Proposition 2 using the first. From these two propositions we conclude that for α large enough σ 2 φ converges to π 2 /3.
We wish to demonstrate that σ 2 Lz converges to zero, which proves the if in the theorem. After some manipulations, and using |d n (α)| = C n (α)/C k (α), we have
Then, by using Proposition 1, with ε/[2 2 (1 + k 2 )], we conclude that there is a α ′ such that σ 2 Lz (α ′ ) < ε.
And we conclude the first part of the proof. Now let us prove that if the Heisenberg principle is violated then our hypotheses are fulfilled. For notation purposes let us introduce Λ = n |d n | 2 . So we start with
for some α large enough.
By using Eq. (14) and |d n (α)| = C n (α)/C k (α), we have:
Now splitting the term n = k, and after some manipulations, we have: 
